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Abstract 

The existence of positive solutions is considered for the Dirichlet problem 

-A p u = Xuji(x) \u\ q ~ 2 u + j3u)2(x) \u\ a ~ l u|Vu| fe in O 
u = on dVt, 

where A and /3 are positive parameters, a and b are positive constants satisfying a+b < p— 1, 
uji(x) and ui2{x) are nonnegative weights and 1 < q < p. The homogeneous case q = p is 
handled by making q — > p~ in the sublinear case 1 < q < p, which is based on the sub- 
and super-solution method. The core of the proof of this problem is then generalized to 
the Dirichlet problem —A p u = f{x,u,~S/u) in fl, where / is a nonnegative, continuous 
function satisfying simple, geometrical hypotheses. This approach might be considered as 
a unification of arguments dispersed in various papers, with the advantage of handling also 
nonlinearities that depend on the gradient, even in the p-growth case. It is then applied 
to the problem — A p u = Xu(x)u q ~ 1 (1 + |Vn| p ) with Dirichlet boundary conditions in the 
domain O. 

keywords: p-Laplacian, positive solution, nonlinearity depending on the gradient, p-growth, 
sub- and super-solution method. 



1 Introduction 

Existence of positive solutions for p-Laplacian problems depending on the gradient has been 
attracting considerable interest among researchers of elliptic PDE's, but no general method to 

*2010 Mathematics Subject Classification: 35B09, 35J66, 35J70, 35J92 
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deal with this kind of problem has been established. The dependence on the gradient requests 
a priori bounds on the solutions and in their derivatives, what brings additional difficulties. In 
general, this problem is not suitable for variational techniques and thus topological methods 
(as fixed-point or degree results) and/or blow-up arguments are normally employed to solve it 

(nana us]). 

In the case of the Laplacian (i.e., p = 2) an interesting combination of variational and topo- 
logical techniques (precisely, a combination of the mountain pass geometry with the contraction 
lemma) was first used in [7J and has motivated some works (e.g., [3]). Basically, an iteration 
process is constructed by freezing the gradient in each iteration and (variationally) solving the 
resulting problem. Then, Lipschitz hypotheses in the variables u and v are made on f(x,u,v) in 
order to guarantee the convergence in Wq' 2 (Q) of the obtained sequence of solutions. The same 
approach for the p-Laplacian with p > 2 seems to be not directly adaptable, since the natural 
extension of the Lipschitz conditions to obtain the convergence of the iterated solutions leads / 
to be a Holder function with exponent greater than 1 in both variables u and v. 

In [8] , the authors discuss the existence of positive solutions for quasilinear elliptic equations 
in annular domains in M. N and, in particular, the radial Dirichlet problem in annulus. (Therefore, 
the problem is transformed into an ordinary differential equation.) In that paper, / satisfies a 
superlinear condition at and a local superlinear condition at +oo. The growth of the nonlin- 
earity / in relation to the gradient is controlled by a Bernstein-Nagumo condition and a local 
homogeneity type condition in the second variable. The existence of solutions is guaranteed by 
applying the Krasnosel'skii Fixed Point Theorem for mappings defined in cones. 

In this paper we consider the existence of positive solutions for the Dirichlet problem in two 
parameters in a smooth, bounded domain Q C WL N (N > 1): 

■A p u = Xu>i(x) \u\ q ~ 2 u + f5u] 2 {x) \u\ a ~ 1 u\ Vu\ b in Q ^ 



u = on dCl, 

where A p u := div (| Vtt| p_2 Vtt) is the p-Laplacian operator for p > 1, A and (3 are positive 
parameters, a and b are positive constants satisfying a+b < p—1, oj\{x) and ^(x) are nonnegative 
weights and 1 < q < p. 

By applying the sub- and super-solution method for problems involving the gradient ([21 [6]), 
we treat first the sublinear case 1 < q < p and, in Theorem |5l we prove the existence of at least 
one positive solution u G C 1,T (fl). 

The case q = p is more demanding and our approach makes q — > p" in the solution obtained 
in Theorem Our result is stated in Theorem [71 

As a consequence of the study of problem ([T]), we realized that the core of the proof of 
Theorem [5] could be generalized to handle the Dirichlet problem 

-A p u = f(x,u,Vu) inQ , , 

u = onffi, V> 

f is a nonnegative, continuous function satisfying simple hypotheses and Q C ~R N is a bounded, 
smooth domain, N > 1. 
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Our proof of existence of a positive solution for fl2]) might be considered as a unification 
of arguments dispersed in various papers, but it also handles nonlinearities that depend on 
the gradient in the p-growth case, which is remarkable. As in our treatment of problem (JTJ), 
it is a consequence of the sub- and super- solution method for quasilinear equations involving 
dependence on the gradient. To apply the method, a condition of the Bernstein-Nagumo type 
is always assumed; in [2] the nonlinearity / is a Caratheodory function (i.e., measurable in the 
x-variable and continuous in the (u, invariable) such that 

(HI) f(x,u,v) < C(\u\)(l + \v\ p ) (u,v) G R x Mr, a.e. x G f2 for some increasing function 
C: [0,oo] ->■ [0,oo]. 

This assumption is merely technical and can be chosen as any hypothesis that guarantees 
the existence of a solution of (j2]) from an ordered sub- and super-solution pair. We have taken 
for granted the growth condition (HI), following [2]. Since this condition is also related to the 
regularity of a weak solution, it is by no means surprisingly that assumptions of the same type 
are also found in papers that do not apply the sub- and super-solution method. 

Most of the articles dealing with sub- and super-solution method for problems with the p- 
Laplacian and nonlinearity depending on the gradient aim to improve the method itself and 
applications of the method are rare. One of the exceptions is the work of Grenon [TTJ, where 
problem (J2]) - with different hypothesis - is solved by analyzing two symmetrized problems. From 
the existence of two nontrivial super-solutions V\ and V2 for those problems follows the existence 
a super-solution XJ\ and a sub-solution {7 2 for (T5]), with 17% < U\. (The article [I] also applies the 
sub- and super-solution method for a nonlinearity / depending on the gradient. However, the 
obtention of a sub-solution follows a quite different method.) 

The work [TJ] also applies the sub- and super-solution method and deals with a problem that 
depends on the gradient of the solution in a special form. However, by applying a change of 
variable, the problem is transformed into one that does not depends on the gradient and the 
usual method of sub- and super-solution is then applied. (See also Example fT3l) 

Contrasting with the majority of papers on the subject - in which many hypotheses are 
normally assumed on the nonlinearity - our assumptions on / are very simple. Besides (HI), 
they consist of hypotheses (H2) and (H3), which we now describe. 

Let to 7^ be a continuous, nonnegative function and Ai be the first eigenvalue of the Dirichlet 
problem for — A p with weight u in the domain Q, that is, Ai is the least positive number such 
that 

J —A p u = XiuiiP^ 1 in Q . . 

\ u = on on, W 

for some u G Wq' p (H), u > in fi. Our assumptions on the nonlinearity / depend on the chosen 
weight function u. 

Our assumption (H2) is a standard sublinear condition: near u = + the values of the 
nonlinearity f(x, u, v) must be greater than Xiu p ^ 1 u(x). We show that this assumption produces, 
for each e > 0, a positive sub-solution u e , whose sup norm becomes small when e decreases. If 
the nonlinearity / depends only on (x,u), this is a well known fact; to our knowledge, if the 
nonlinearity / depends on (x, u, Viz), this fact was overlooked in previous papers. 
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The last assumption, (H3), is that /, restricted to a suitable compact set, is bounded from 
above by a special multiple of the weight u>. This approach follows [5J, where (J2J) was also 
independent of the gradient. We show that this hypothesis produces a super-solution U for fl2]) 
with u t < U, for e small enough. 

The paper is organized as follows. In Section [21 we summarize some results about the p- 
Laplacian with Dirichlet boundary conditions. 

In Section [3] we prove our results about problem (|T|), that is, Theorems and El 

In Section H] we state and prove our main result about the abstract problem fl2}, that is, 
Theorem [9j 

In the special case f(x,u,v) = u)(x)g(u, \v\), with uj > continuous, hypotheses (H2)-(H3) 
are interpreted in Section [5j There, we also consider problem ([2]) for the parameter dependent 
nonlinearity 



We prove the existence of A* > such that, in this case, (J2J) has a solution for all A £ [0, A*]. 
Observe that no restriction on the value of p > 1 or on the dimension N is assumed. 

In this example, our result follows directly from Theorem [9j but the arguments are standard 
and can be found, for nonlinearities of the type 



and 1 < q < p, e. g. in the articles [12, 13J. (With a different method, the same problem is 
considered in [TO].) 

2 Preliminaries 

In this section we recall some basic results in the theory of the p-Laplacian equation with Dirichlet 
boundary condition and present technical results that will be used in the rest of the paper. Let 
Q be a bounded, smooth domain in M. N , N > 1. 

Definition 1 Let f: (Ixlx R N be a Caratheodory function. A function u £ W 1,P (Q) D L°°(Q) 
is called a solution (sub- solution, super- solution) of 



f(x,u,v) = Xuix)^- 1 (1 + \Vu\ p ) . 



\u q - 1 





if 




for all £ C£°(0) ; ((p > in Q in the case of a sub- or super- solution) and 



u = (< 0, > 0) on dfl. 



A pair (u, u) of sub- and super-solution is ordered if u< u a.e. 
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/ |0|dx + 


J \Vu\ p \ct)\d^j 


Jn 





We remark that, if the nonlinearity / satisfies (HI), then 

f \f{x,u, Vu)(j)\dx < C(||w||oo) /(I + |Vn| p )|0|dx 
Jn Jn 

= c(IHU 

since G C °° and u G W 1,p (ft) n L°°(ft). 

The following Theorem is a simpler version of a result of Lieberman proved in [T?l Theorem 
1] by using techniques developed by DiBenedetto [9] and Tolksdorf [19]. 

Theorem 2 [f?| TTiml] Suppose that u G W 1 * (ft) is a weak solution of the Dirichlet problem 

-A p u = f(x,u,Vu) in Q, 
u = on dQ 

where f is a Caratheodory function such that 

\f(x,£,ri)\ < A(l + M p ) for all (x,£,ri) G ft x [— M, M] x 

/or positive constants A and M. 

7/ ||m|| < M, then there exists < a < 1, depending only on A, p and snc/i i/iaf n G 
C 1,a (ft) ; moreover, 

h\\i, a <c 

where C is a positive constant that depends only on A, p, N and M. 

We now state, in a version adapted to our paper, the result that give basis to the method of 
sub- and super-solution for equations like (jlj). The existence part is a consequence of Thm. 2.1 
of Boccardo, Murat and Puel [2] . The regularity part follows from Theorem [21 while the minimal 
and maximal solutions are consequence of Zorn's Lemma, as proved in Cuesta Leon [6]: 

Theorem 3 Let f : ft x R x R N ->• M be a Caratheodory function satisfying (HI). Suppose that 
(u,u) is an ordered pair of sub- and super- solution for the problem (Q. 

Then, there exists a minimal solution u and a maximal solution u o/Q, both in C l,T (ft) 
(0 < t < 1), such that u<u<v<u. 

(By minimal and maximal solution of (j3J) we mean that, if w is a solution of this problem 
and u < w < u, then u < w < v.) 



5 



3 A problem involving two parameters 

In this section we consider the existence of positive solutions for the following problem in two 
parameters in the smooth, bounded domain Q C M. N (N > 1): 

-A p u = \cui(x) \u\ q ~ 2 u + f3u2{x) \u\ a ~ 1 u\ Vu\ h inVt 

u = o on on, U 

where A and are positive parameters, a and b are positive constants satisfying a + b < p — 1, 
Wi(ic) and ^(x) are nonnegative weights and 1 < q < p. 

In the case q = p, we remark that the problem (j3j) is homogeneous, in the sense that if w 
solves it for fixed parameters A and (3, then ku is also a solution, for any constant k (note that 
we are assuming a + b = p — 1). 

In our approach to problem (jlj) the solution of the torsional creep problem 



-A„(£> = to in Q 

= o on an 



(5) 



plays an important role. It is well-known that <p G C 1,T (Qj and <p > in Q. 

We define the positive constants a = ||0||^ p and \i = || V^Hoo/H^Hoo) where || ■ stands for 
the sup-norm and stands for the solution of the torsional creep problem ([SJ with 

uj(x) = max {coi(x) , U2(x)} . 

Let Ai and u\ be, respectively, the first eigenvalue and positive eigenfunction associated to 
the weight u±, with ||wi||oo = 1- Thus, 

—A p ui = AiCJiWi -1 in Q 



Ux = on dVt. 

We begin by considering problem (jlj) in the case 1 < q < p. In this sublinear case, bounds for 
the sub-solution and ordering of the sub- and super-solution pair follows from a simple lemma. 

Lemma 4 It hold a < \\ and 
Proof. Since U\ = <fi = on dfl and 

i 

— ApUi = XiUiu^~ < Xilo = — A P (A[ _1 </)) in Q 

i 

it follows from the comparison principle applied to Ui and Ai _1 that 

«i < Ap^ in n. 
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Therefore, the passing to maximum values yields 
implying that a < X±. Thus, 



a 



p — 1 q — 1 q — 1 p — 1 

Theorem 5 Suppose a + b = p — 1 and 1 < q < p. If X > and < (3 < — t, then O) has at 
least one positive solution u G C l,T {VL) satisfying the bounds 

/A 

Proof. We consider u = M- — - — , where M = — r . The definition of M yields 

HWoo \a-Pfi»J 

aM p - 1 = XM q - 1 + Pfi b M p ^ = XM"- 1 + Pfi b M a+b . (7) 

We also have 

Wu\ b = M b (^f) b <V b M b . 

WmlooJ 

Thus, 

b 



—A p u = aM p " 1 w(x) 



> AM g_1 o;i(2;) + (3fi b M a+b u 2 (x) > Awi(s)^ 1 + f3u 2 {x)u a |V« 

Since u = on 90, we conclude that u is a positive super-solution of (JH). 

/ A \ ^ 

We define w = eu±, where £ = I — J . We have 



— Aptt = Aia;i(a;)M p ~ 1 

= w 1 (x)(£M 1 ) 9 - 1 (A^ 9 ) u{- q 

= Ui{x)u q - l Xul~ q < Xco^x)^- 1 + /3oo 2 (x)u a \Vu\ b , 

and since u = in dQ, we conclude that u is a positive sub-solution of 01]). 

By applying Lemma H] and the comparison principle we obtain the ordering u<u. In fact, 
we have 

p-i 

/ A \~« 
-A p n = AiWi(a;) I — J u{ 

A \ p_9 / A \ p ~ q i 

— J wi(ar)<a(-J < alf 4 w(i) = -A p a, 

since © implies that aM p ~ x > XM' 1 ' 1 and, therefore, M > (A/a) 1/(p " 9) . □ 
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Corollary 6 Suppose a + b < p — 1 and 1 < q < p. If A > and (3 > 0, then Q has at least one 
positive solution u E C 1,T (Q) satisfying the bounds 

i 

U\ < u < M p-9 



w/jere M > satisfies the equation clM v ~ x = \M q ~ l + (3fx b M a+b . 

Proof. The proof above remains valid in this case. In fact, it easy to check that for any A > 
and > the equation aM p ~ l = AM 9-1 + (3[i b M a+b has a unique positive solution M. Hence, 

_ 4> ( A \ 

m = M— — — is a super- solution for 01]). Moreover, u = I — J Mi is a sub-solution for (ffl and 

IHIoc VAi/ 
u < m since aM^ 1 > AAf 9-1 . □ 
We now deal with the Dirichlet problem fll]) in the case q = p and a + b — p — 1. Our approach 
considers q p~ . 

Theorem 7 Suppose a + b = p — 1. For eac/i < /3 < — 7 t/iere exzs^ A^ > and up G C 1,T (fi) 
snc/i t/iat < Up < 1 m fi, a; — < A^ < Ai and 

-ApUp = \pUi(x)u P p~ + (3u) 2 (x)up\Vup\ b in Q , . 

tig = on <9f2. 

Proof. For each < g < p fixed, let us denote by v q the positive solution of (j4j) given by 
Theorem [5j Thus, multiplying the equation 



-A p v q = A^i(x)^ 1 + Pw 2 (x)v% \Vv q 
by ( 1 1 ] I oo ) 1 P ' we no ^ e that u q := 71 — fi — satisfies 



\v a \\ 

I 1 1I oo 



-ApU q = \ q uji(x)u q q 1 + 0uj 2 (x)Uq\ Vu q \ b in 
m„ = on dQ, 



where A g := ^ . It follows from (J5]) that 

Ikoll 

ii yiioo 



^ ^ II up— « ^ A 



Ai ~ " 91100 ~ a -/V 
and hence 

< a - /V < \ < Ai- (9) 



Thus, since < u q < 1 we have that 



< AgWifaK -1 + /3w 2 (x)< |Vm 9 



< ML 

— II II oo 



S 



for some positive constant A which does not depend on q. So, we can apply Theorem [2] to 
guarantee that u q G C 1,T (JT\ and that ||w g || lr < C for some positive constant C which does not 
depend on q. 

Therefore, by taking a sequence q n — > p~, the compactness of the immersion C 1,T (fi) 
C 1 (Oj implies that, passing to a subsequence, u gn — >■ in C 1 (H) and A 9n — )■ A^. Thus, the 
continuity of the operator —A" 1 yields that A^ and up satisfy ([S]). Moreover, it follows from 
that < a - (3fi b < Xp < Ai. 

Since Up > we must have A^ < Ai. This follows from the following fact: if A > Ai, then 
u = is the only nonnegative solution of (jHJ). Indeed, if u is a nonnegative solution of (J5]) for 
some A > Ai, then we can write 

—A p u = \ui(x)u p ~ l + /3w 2 (x)w a \Vu\ h = AiWi(x)m p_1 + h(x) 

where 

h{x) = /3u 2 (x)u a \\7u\ b + (A - A x ) wi(x)u p - 1 > 0. 

Hence, by a consequence of Picone's identity (see [1] and also [5], Lemma 8.1) we obtain h = 
and thus, w = in Q. □ 



4 The abstract problem 

From now on we consider the following problem 

-A p u = f(x,u,Vu) in 

u = onffl. 1 j 

We begin stating precisely our hypotheses on the nonlinearity /. For this, for a chosen 
(continuous) weight function uj ^ 0, let G C 1,r (n) fl W 1,p (fi) be the solution of the problem 

-A p (f) = w inO 
4> = on d£l. 

As before, we have that G C 1,T (fi) and > in Q. 

Let Ai and U\ be the first eigenvalue and eigenfunction of the p-Laplacian with weight u, that 

is, 

-A p ui = Aiumf in Vl , , 

m = on da ^ ^ 

We assume that u\ is positive and ||«i||oo = !■ 

We set, as in our approach in the previous section, 

« = (12) 

and 

/ i= ^^ • ( 13 ) 
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Remark 8 It follows from Lemma\4\ that a < X\. However, is not difficult to verify that a < \% 
Section 8]). 

We assume that, besides (HI), the continuous nonlinearity / satisfies, for an arbitrary con- 
stant M > 0, 

(H2) lim fe^i > \ lC j(x), (x,v) G H x B uM (uniformly), 

u->0+ U p 1 

where = {v6l I : \v\ < /iM}; 
(H3) < f(x, u, v) < au{x)MP-\ (x, u, v) G Q x [0, M] x B^ M . 

In Section hypotheses (H2) and (H3) are interpreted in a particular situation. 

As mentioned before, hypothesis (HI) might be changed for any hypothesis that produces a 
solution of f JT0|) from an ordered sub- and super-solution pair of this problem. However, we do 
believe that adequate arguments of extension and truncation might produce (HI) from (H3). In 
fact, if we have a priori estimates for the gradient of uniformly bounded solutions of f lTU]) . the 
hypothesis (HI) is not necessary. For example, in jl], where the case f(x, u, v) = u(x)f(u, \v\) and 
Q = B r (a ball) is handled, all solutions u of (flOj) such that ||w||oo < M also satisfy || Vw||oo < /iM. 

We now state the main result of the paper concerning problem (11 01) . 

Theorem 9 Define u e = eu\. If the nonlinearity f satisfies (HI) — (H3), the Dirichlet problem 
[Tty) has at least one positive solution u G C 1,a (Q) R Wq' p (Q) satisfying the bounds 

0<u e <u< -—f- in n, (14) 



for all e > sufficiently small. 

We prove this theorem in a sequence of simple results. 

Proposition 10 The function U := tnnr - G C 1 ' T (n)nH / 1 ' p (f2) is a super- solution for the problem 
T 



Proof. Of course, we have < U < M and < | W| = < /iM. Thus, it follows from 

(H3) that aMP^co > f(x, U, VU) and 

-A P U = -A p (pp) = aM^u > f(x, U, VU). 

Since U = on dQ, we are done. □ 

Proposition 11 Define u e = tu\ for e > 0. Then, for e sufficiently small, u e is a sub-solution 
for problem /[W\) . 
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Proof. For all < e < H ^ M H we have 

— ||VUl||oo 

< u 6 = eui < e||ni||oo = e (15) 

and 

< |Vu e | = e\Vui\ < e||Vui||oo < fiM. (16) 
Now, it follows from (H2) the existence of e > such that 



f(x,u,v) > \icu(x)u p 1 for all < u < e and (x,v) G f2 x B 
In particular, if < e < min <e , -rr^- — n — \i then 

I llVltilloo J 

f(x,u e ,Vu e ) > A 1 a;(x)u^ 1 for all x E Q, 

that is, 



— A p u e = \i<jj(x)u p e 1 < / (x, u t , Vu e ) in f2. (17) 



Since u t = on d£l, u e is a sub-solution for (fTUl) . □ 
Proof of the Theorem. It follows from Theorem [3] that we only need to verify that u e < U for 
e > sufficiently small. 

Taking e < min < e , M, — — — n — 1, we have 

I || VUlHoo J 

-\u e < f(x,u e ,Vu e ) < aM^uix) = -A p ( ] = -A P U in Q. 

V 1 1 1 1 oo y 

The first inequality follows from f[T7|) . while the second inequality follows from (H3) by applying 
(|T5l) and (fT6|) . Since u e = = U on dfl, u t < U is a consequence of the comparison principle. □ 



5 Applications 

An abstract example of a nonlinearity / satisfying our hypotheses is given by 

f(x,u,v) = u(x)g(u, H) , 
where a; is a continuous weight function defined in Q and g(u, t) is a continuous function satisfying 

g(u,t) < C(\u\)(l + t p ) for all (u,t) E R x (0,oo). (H3) 

and also 

g(u,t) > \iu p -\ for all (u,t) E [0, e] x [0,/iM] (18) 

for some e > 0, 

< g(u,t) < aM p ~\ for all (u,t) E [0, M] x [0,/iM] (19) 
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for some M > 0. Note that ([TBI) and (|T9|) are hypotheses (HI) and (H2) for this particular, 
abstract example. 

Geometrically, the 2-variable function g(u,t) has its graph passing through a "rectangular 
box with a small step" in its floor, formed by the surfaces 

z = Aiw p -\ 
< u < e, and 
< t < fxM 

Figure 1 illustrates such a box for the case p = 2 and Figure 2 shows the region obtained by 
sectioning it by the plane t = c for c G [0, fiM}. 





z 




aM. 




/ 
















y's > 






iiM, 







Figure 1: For c G [0,/iM], the graph of g(u,c) passes through a "box with a small step" in its 
floor. (Here p — 2.) 



u = e, 

0<z< Aie p -\ 
< t < /iM. 





2 = 


aM 


2 = Aim ..•••*■" 













M u 



Figure 2: The (orthogonal) projection of the graph of g(u, c) on the plane passes through the 
gray area. (Here p = 2). 

It is noteworthy that the box can be made sufficiently large by increasing M and its step can 
be made sufficiently small by decreasing e. Moreover, g(u,t) could be zero at several values in 
this box. 

From the proofs presented above we can see that, once fixed the weight u, if the graph of 
g(u,t) passes through such a box, i.e., if g satisfies f|T8|) and (fT9j) and a growth condition like 
(HI), then the Dirichlet problem 

J — A p u = u(x)g(u, |Vw|), in fl 
\ u = 0, on <9f2, 

has a positive solution u bounded by two functions determined only by oj and fl. 
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Example 12 We consider the problem 



-A p u = Xuj(x)u q - 1 (1 + \Vu\ p ) in Q . , 

u = on <9f2, 

where u is a positive weight function, 1 < q < p and A G (0, oo). We will show that there exists 
A* (to be specified in the sequence) so that problem has a positive solution for all A G (0, A*] . 

The nonlinearity f(x,u,v) = Aw(x)m' ?_1 (1 + \v \ p ) satisfies (HI) for all A. Moreover, it satis- 
fies (H2) uniformly for all v G M. N , since 

\u(x)u q - 1 (1 + \v\ p ) , \u(x)u q ~ l Ainf^o; 
hm : > hm : > = oo, 

u^0+ VP' 1 ~ u^0+ UP' 1 ~ U p - q 

In order to satisfy (H3), we must have 

XM q -\l + {fiM) p ) < aM p -\ 



So, defining the function H : [0, oo) — > [0, oo] by H(M) = M q p (l + n P M p ), the last inequality 
is equivalent to 



We have 



H(M) < * 



lim H(M) = oo = lim H(M), 



q-v 



and the function H has a unique critical point M*, given by 

V P M p = V - - 1, 

q 

where H assumes its minimum value 

H{M.) = M™(1 + ifM*) = JL (j ^ P fP 

By setting 

K = ^-( p --l)^ ( q - 

we obtain 

H(M*) = f . 

So, condition (H3) is satisfied by the nonlinearity Aw(x)m 9_1 (1 + \v \ p ) if y- < j, that is, 

< A < A*. 
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For a fixed A G (0, A*], in order to obtain estimates for the solution u x of (IffOp . we define 
e := (j^J V 9 j an d note that u x := eu\ is a sub-solution of this problem: 

-\u x = X^l^u 

= \ 1 ur 1 uu p - q < e^X^co = Xul^u < Xul^u (1 + | Vu x \ p ) 

(u\ denotes, as before, the positive solution of — A p u\ = XivP^u), with ||wi||oo = W 

The sub-solution u x and the super- solution U = M^/H^Hoo (given by Theorem^ are ordered, 
if we choose e such that Xie^ 1 < aM^~ l . In fact, follows from the comparison principle that 

-A p u x = A 1 (eui) p - 1 w < \ x er x u < aMl^u = -A P U. 

From the bounds ||w e ||oo < II m a||oo < Halloo; we conclude that 

( X\~ . 1 f p \p 

Example 13 The problem 

j —A p u = Xf(x, u) + \Vu\ p , in Q , > 

\ u = 0, on dQ, [ ' 

where X > is a parameter and f(x,u) is a Caratheodory function satisfying 

cqu q - 1 < f(x, u) < c^- 1 , for all (x, t) e Q x [0, oo) (22) 

for positive constants Co and c\ was treated in [73] for the cases q > p, q = p and 1 < q < p. 

In the case 1 < q < p, they proved the existence of a positive value A such that the problem 
has at least two positive solutions if < A < A, at least one positive solution if X = A and no 
positive solution if X > A, a result the resembles one of the first steps in the study of the classic 
Ambrosetti-Prodi problem. 

u 

In that paper, by making the change of variable w = ep- 1 — I, problem (\21\) was transformed 
into another problem, whose nonlinearity h(x,w) does not depend on the gradient ofw. Then, 
the existence of solution was obtained by applying the sub- and super-solution method to the 
transformed problem. (See also the variational approach for this problem in {16}.) 

A direct application of Theorem^ gives the existence of (at least) one positive solution for 

o < A < A , := i f ^y-v^_y-\ 

ci V ) \p-q + ij 

The details are very similar to that of Example [7H 
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